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Abstract--Many complex structures may be generated from simple modules with the aid of an algorithm 
or generating rule. The properties ofspace generally impose restrictions on the shape of the module. As 
examples we consider tilings of the euclidean plane and of the sphere, lattices and lattice complexes, 
Dirichlet Domains and space-filling, and the decomposition a d recombining of some polyhedra into 
space fillers. 
INTRODUCTION 
We tend to look at the perfect symmetry of an organism such as a sea urchin with astonishment 
and admiration, comparing it to the less than perfect symmetry of the human species. Yet it is 
precisely the simple organisms which display more perfect symmetry, whereas complex systems 
suffer perturbations of their symmetries. The indistinguishability of electrons accounts for the 
symmetries of molecular bonding, and the symmetry of single crystals can be accounted for by 
the assumption that identical atoms or ions tend as much as possible to have identical environ- 
ments[l]. In more complex systems perturbations will introduce imperfections, resulting in a 
loss of symmetry. Complex systems can frequently be considered as hierarchical superpositions 
of several evels of symmetry[2], much as functions may be expressed through Fourier analysis 
as superpositions of sine and cosine functions. We must therefore look upon perfectly sym- 
metrical structures as basic, elementary building blocks for our real world, in the same way 
that musical tones are analyzed in terms of 'pure' sine and cosine waves. 
Symmetrical structures occur as a result of the juxtaposition of multitudes of identical 
modules, each of which interacts in such a manner with all others that all have as identical 
environments as possible. Such structures may be described in terms of the module and the 
algorithm used to generate them. Consider, for instance, the simplest module, a point, together 
with the following algorithm: "Every point is in the vicinity of only one other point." The 
structure so generated consists of a pair of points. On the other hand, changing the algorithm 
to: "Every point is equidistant from two other points." generates either an infinite array of 
equally spaced points on a line, or an array of equally spaced points along the circumference 
of a circle. In the latter case the question arises whether closure can be achieved, that is to say, 
whether a full 360-degree traversal around the circle's circumference will produce a point which 
coincides with the initial point. If that is the case, then a polygon will have been generated; if
not, then one or more additional traversals of the circle's circumference may eventually produce 
closure, or the circle will be traversed indefinitely, with the result that points will be generated 
which come arbitrarily close to each other. 
Which of these possibilities occurs, depends on the angle between the line segments joining 
any point to its nearest wo neighbors. If this angle equals [(k - 2)/k] x 180 degrees, then a 
k-gon is generated after a single rotation. Any other rational fraction of 180 degrees will produce 
closure after several rotations, with the result that a stellated polygon is generated: an angle of 
[(k - 2j)/k] x 180 degrees will produce k-fold rotational symmetry after j traversals of the 
circle. If, however, the angle joining each point to its two nearest neighbors equals an irrational 
fraction of 180 degrees, then a continuum of points will be generated along the circumference 
of the circle. 
The conclusion to be drawn is that the algorithm does not uniquely specify the pattern 
generated: one needs to refine either the algorithm or the module. In this instance it is convenient 
to redefine the module by adding to the point two semi-edges representing a valence bond from 
the point to each of its neighbors. The angle between these valence bonds determines the pattern 
generated by the algorithm. 
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REGULARLY  SPACED POINTS 
The patterns just considered are made up of divalent points: every point is joined to two 
neighbors. One can analogously use an algorithm for trivalent points, each being equivalent to 
its three neighbors. If all three bonds are coplanar, a hexagonal tessellation is generated. If the 
bonds are not coplanar, but the angles between the bonds are all equal, three regular solids are 
generated: 
If the angle equals 90 degrees, the cube is generated. 
108 pentagonal- 
dodecahedron 
The three angles need not all be equal; when they are not, the semi-regular solids are generated. 
For instance, when one angle equals 60 degrees and the other two 120 degrees, a truncated 
tetrahedron results (see Fig. 1). The mutually equivalent points or vertices lie on the surface 
of a common sphere; the edges joining them may be projected onto the sphere so that they 
become parts of geodesic ircles which tessellate the surface of the sphere. In general, the 
valence r may be greater than three, but its value depends on the total number of edges joining 
the vertices E and on the number ofedges urrounding each polygonal tile on the sphere surface, 
n. Although all vertices must be equivalent, all faces are not necessarily identical, for the number 
of edges surrounding each face may vary, as exemplified by the truncated tetrahedron (Fig. 1). 
The average number of edges of all faces is denoted by n~v. The relation between these variables 
is derived from Euler's relation between the number of vertices, edges and faces of a polyhedron; 
if all vertices lie on a common singly connected surface, it is[3]: 
1 1 1 1 
- = - + - - - - .  (1 )  
r 2 E n~v 
This is a Diophantine quation: all its variables are rational; in point of fact, only nay is not an 
integer. The equation has a finite number of solutions, each corresponding toone of the regular 
or semi-regular structures[4]. The tessellations of the euclidean plane are included among these 
solutions; they correspond tothe solutions having E equal to infinity. (The truncated tetrahedron, 
for example, has r equal to 3, E equal to 18. It has four triangular and four hexagonal faces, 
with the result that nay equals 4.5; these values fit Eq. 1.) 
Fig. 1. Truncated tetrahedron. 
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We have demonstrated therefore that the module consisting of an r-valent vertex together 
with the algorithm that each vertex be joined to r equidistant vertices on a singly connected 
surface (including the euclidean plane), will generate all regular and semi-regular structures. 
Their duals, structures having all faces equivalent, represent all tilings of the sphere and the 
euclidean plane with only one type of tile. There is a corresponding Diophantine quation for 
these structures, which is derived from Equation l by interchanging n and r: 
1 1 1 1 
- =-  + - - - - .  (2 )  
n 2 E r.~ 
Physically, Eq. 2 represents he restriction placed on the polygons which will singly tile the 
sphere and euclidean plane. It is notable that only Euler's relation and the requirement of 
equivalence of vertices (resp. tiles [faces]) were used here; no use was made of the magnitude 
of angles or distances, and symmetry was implied, not used explicitly. The reasoning can be 
summarized in the following steps: 
1. Define a module. 
2. Define the algorithm by which these modules are to be combined. 
3. The module and the algorithm may or may not be compatible; in our example they are 
compatible only under certain conditions, expressed in terms of a Diophantine equation, 
which has but a finite number of solutions. 
4. These solutions each correspond to one of the structures which may be generated from 
the given, module, which are thus exhaustively enumerated and annotated. 
The mutually equivalent vertices may not lie on a single common surface. Rather, they 
may be distributed in three-dimensional space, forming a structure called a lattice if their 
environments are not only identical, but also identically oriented. If their environments are 
merely identical, but not necessarily identically oriented, the structure is called a lattice com- 
plex[5]. Whereas tructures comprising mutually equivalent vertices that lie on a single common 
surface properly must be considered two-dimensional, nd are characterized by two connection 
parameters, r (the valency of each vertex) and nay (the average value of the number of edges 
surrounding each face), the lattices and lattice complexes are three-dimensional. In three di- 
mensions the number of parameters increases to eight[6], but only five diophantine quations 
relate these eight parameters, with the result hat there is much greater latitude in the formation 
of three-dimensional structures comprising mutually equivalent vertices than there is for cor- 
responding two-dimensional structures. Fischer, Burzlaff, Hellner and Donnay have found 402 
lattice complexes (including lattices). 
In two dimensions the highest possible valence for an array of mutually equivalent vertices 
is six. The corresponding structure is the triangular tessellation, in which each vertex is sur- 
rounded by six neighbors equivalent to each other and to the central vertex. In three dimensions 
the corresponding maximum valence is twelve; the twelve mutually equivalent neighbors are 
located at the vertices of a cuboctahedron surrounding the central vertex, which in turn is 
equivalent to each of the twelve neighbors (Fig. 2). 
TILINGS 
The tilings of the euclidean plane correspond to those solutions of Eq. 2 having E equal 
to infinity. As that equation is derived irectly from Euler's relation, and hence deals only with 
numbers of connections, not with actual distances or magnitudes of angles, the dges of the 
tiles need not he straight lines, but may be curved. The plane may be tiled with any straight- 
edged triangle; this becomes evident when one realizes that any pair of such triangles may be 
juxtaposed to form a parallelogram, and a parallelogram can tile the plane by translation. To 
generalize to curved edges, the symmetry implications of the last statement are helpful. The 
translational symmetry resulting from tessellating with a parallelogram requires the opposite 
sides of the parallelogram to be pair-wise congruent, whereas the pairing of the triangles is 
C,~fl,~l.2zl/2(B)-F 
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Fig. 2. Cuboctahedron. 
achieved by rotation, hence requiring the diagonal of the parallelogram to contain a center of 
two-fold rotational symmetry. These constraints are satisfied if each side of the tessellating 
triangle contains a two-fold center (see Fig. 3). 
The plane may also be tessellated by any quadrilateral. This is achieved by rotating the 
quadrilateral 180 degrees around the centers of each edge. As a result, curved-edge quadrilateral 
tessellations, like the analogous triangular ones, need two-fold centers on all edges (Fig. 4). 
Both the triangular and the quadrilateral tessellations c tain four distinct sets of two-fold 
centers of rotational symmetry[7], the latter at the centers of edges, the former at the centers 
of edges as well as at the vertices. Although any straight-edged triangle or quadrilateral will 
tessellate the plane, only special pentagonal nd hexagonal tessellations are possible[8]. More- 
over, that no polygons having more than six edges can tessellate the plane follows from Eq. 
x x I 
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Fig. 3. Triangular curvilinear tessellation. 
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Fig. 4• Quadrilateral curvilinear tessellation. 
2: if we set E equal to infinity, we find: 
1 1 1 
n 2 ray 
Since ray may not be less than three, n may not exceed six, q.e.d. 
Three of the special pentagonal tessellations are shown in their straight-edged appearance 
in Figs. 5 and 6. Figure 5(a) shows only a strip; these strips may be repeated ither congruently 
or enantiomorphically, adjacent strips being each others' mirror images. The requirement im- 
posed on the pentagon in these instances is that two non-adjacent sides must be parallel and 
equal in length. Whichever combination of strips is used, there are four distinct sets of rotational 
symmetry; when all strips are congruent, wo sets lie on the straight edge joining the strips, 
namely on the vertices and halfway in between. The other two lie on the centers of the edges 
forming the zigzag pattern in the center of the strips. When alternate strips are enantiomorphs, 
the "zigzag" sets and their mirror images constitute the four distinct sets of two-fold rotocenters. 
More interesting is the pentagonal tessellation i Fig. 5(b). The pentagon must have right 
angles at two non-adjacent vertices; the edges joining at either vertex must be equal in length, 
but all four need not be equal. Symmetry theory is helpful for understanding why this tessellation 
works. The pentagons are arranged in 244' symmetry[9], the right angles fitting around the two 
distinct centers of fourfold rotational symmetry. Since these two centers are distinct, the edges 
meeting at one of them need not be equal in length to those meeting at the other. The location 
of the two-fold centers of rotational symmetry is determined by those of the two distinct sets 
of fourfold centers: the three form the vertices of an isosceles right triangle. In order for the 
pentagon to tessellate, the two-fold center must lie on the center of that pentagon edge which 
does not terminate at one of the right-angled vertices. The question which remains to be answered 
is whether it is generally true that the center of this fifth edge is indeed equidistant from the 
two right-angled vertices and subtends a right angle with them. The author has proven this to 
be the case; the detailed proof would take too much space here, but Fig. 6 gives the coordinates 
of the points in question, plotted in a suitably chosen cartesian coordinate system from which 
the desired result is easily derived. 
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Fig. 5. Pentagonal tessellation. 
Hexagonal tiles will tessellate the euclidean plane if one pair of opposite sides are parallel 
and the other four sides contain centers of twofold centers of rotational symmetry[ 10] (see Fig. 
7). As not more than four distinct centers of rotational symmetry may coexist in a plane[ l l ], 
we exhaust with these the tessellations of the euclidean plane; the hyperbolic plane has infinitely 
many tessellations[ 12]. 
SPACE FILLERS 
TO every lattice or lattice complex there corresponds a Dirichlet Domain. This domain is 
a region which contains a single point of the lattice (complex) and which has the property that 
every location within it is closer to that particular point than to any other point of the lattice 
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Fig. 6. Proof of the tessellability of this pentagon. 
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(complex). A Dirichlet Domain is constructed by perpendicularly bisecting every line joining 
a particular lattice (complex) point to all others; the innermost polyhedron formed by these 
bisecting planes is the Dirichlet Domain. From this definition it follows that Dirichlet Domains 
are space fillers, for if Dirichlet Domains are constructed around all the points of a lattice 
(complex), then every location must be closer to at least one of these points than to all others, 
hence there can be no location that does not belong to the Dirichlet Domain of one of the lattice 
(complex) points. 
Those points which share a common face on the surface of their Dirichlet Domains are 
called neighbors. The polyhedron whose vertices are the locations of all the neighbors of a 
given lattice (point) is called the coordination polyhedron of that point. In order to constitute 
a three-dimensional l ttice complex, each point must have at least four near neighbors. In the 
Diamond lattice complex each point is at the center of a regular tetrahedron, and connected to 
four other points at the vertices of that tetrahedron. The Dirichlet Domain of this lattice complex 
is a stellated truncated tetrahedron: the truncated tetrahedron (Fig. 1) is stellated on its four 
triangular faces by triangular pyramids whose apex angle is arccos ( -  1/3) (see Fig. 8). Thus 
there are four nearest neighbors haring the large hexagonal faces, and twelve more distant 
neighbors haring the small triangular faces[13]. 
Six nearest neighbors at the vertices of a regular octagon define a lattice whose Dirichlet 
Domain is a cube; this is the primitive cubic lattice. Eight nearest neighbors at the vertices of 
a cube might at first glance appear to have a regular octahedron as Dirichlet Domain. A regular 
octahedron, however, is not a space-filler: the Dirichlet Domain is actually a truncated octa- 
i ! 
Fig. 7. Hexagonal tessellation. 
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Fig. 8. Dirichlet domain of the diamond lattice complex. 
hedron, with the eight nearest neighbors haring the eight hexagonal faces, and six slightly 
more distant neighbors haring the six square faces (see Fig. 9). These fourteen eighbors 
constitute the vertices of a rhombic dodecahedron (Fig. 10). This lattice is called body-centered 
cubic. 
As stated above, twelve is the maximum number of equidistant neighbors permitted in 
three-dimensional lattices (see Fig. 2). The lattice characterized by this configuration of neigh- 
bors is called cubically close-packed. Its Dirichlet Domain is the rhombic dodecahedron (Fig. 
10), which therefore fills a dual function, namely ascoordination polyhedron for the body- 
centered cubic lattice, as well as the Dirichlet Domain for the cubically close-packed lattice[ 14, 
15]. 
Fig. 9. Truncated octahedron. 
bcc Point Complex 
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Fig. 10. Rhombic dodecahedron. 
THE RHOMBIC DODECAHEDRON 
This polyhedron constitutes one of the principal modules for generating space frames. 
When packed to fill space, the centers of these dodecahedra constitute a cubically close-packed 
lattice, whereas the centers together with the vertices constitute a body-centered cubic lattice. 
It may be subdivided into sub-modules in two distinct manners. As shown in Fig. 11, six square 
pyramids may be lopped off, leaving a cube. The six pyramids may in turn be combined to 
constitute a second cube congruent with the first one. On the other hand, eight triangular pyramids 
may be lopped off to leave a regular octahedron; these pyramids may be combined to form two 
regular tetrahedra, s in Fig. 12. Since the dodecahedra are space fillers, it follows that regular 
octahedra nd tetrahedra having the same edgelength will together fill space, two tetrahedra 
being needed per octahedron. 
The apex angles of the square pyramids which were combined to form a cube, equal arccos 
1/3. Two such pyramids may be paired into a square bipyramid by joining their square bases. 
The result is an irregular, but space-filling octahedron having one diagonal shorter than the 
other two. Six of these octahedra, in three distinct orientations, will reconstitute the dodeca- 
hedron, hence are themselves space fillers. 
The apex angles of the triangular pyramids, four of which were combined to constitute a
regular tetrahedron, equal arccos ( -  1/3). These triangular pyramids are identical with those 
mentioned above in connection with the Diamond lattice's Dirichlet Domain; that Domain was 
made up of a truncated tetrahedron combined with four of the triangular pyramids. Since we 
now see that these four will together just constitute a regular tetrahedron, we may conclude 
that a truncated regular tetrahedron together with a regular tetrahedron having the same edge- 
length will fill space in equal proportions. It must be noted in passing that the angles arccos 
1/3 and arccos ( -  1/3), which are slightly smaller than 71 degrees and slightly larger than 109 
degrees respectively, figure prominently in modular structures; they equal as well the angles 
between the body diagonals of the cube. 
THE TRUNCATED OCTAHEDRON 
The truncated octahedron having all edgelengths equal to each other is the Dirichlet Domain 
of the body-centered lattice. It may combine with eight octants of itself to form a cube as in 
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Fig. 13. Whereas the rhombic dodecahedron may be considered twice a cube, this polyhedron 
would be a half cube, as illustrated by some of its transformations in Fig. 13. 
CONCLUSIONS 
By starting with a collection of mutually equivalent points, confined to a singly connected 
surface or distributed through three-dimensional euclidean sp ce, we have noted that space is 
not a passive vacuum, but has distinct properties which determine the shapes of the modules 
which can fit in. Symmetry is the result of the restrictions placed by the properties of space on 
the possible juxtapositions of these modules. These restrictions may be expressed in terms of 
a few remarkably simple Diophantine quations. 
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